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Abstract. Assume that the Aubry set of the time-periodic positive definite 
Lagrangian L consists of one hyperbolic 1-periodic orbit. We provide an upper 
bound estimate of the rate of convergence of the family of new Lax-Oleinik 
type operators associated with L introduced by the authors in |14| . In addition, 
we construct an example where the Aubry set of a time-independent positive 
definite Lagrangian system consists of one hyperbolic periodic orbit and the 
rate of convergence of the Lax-Oleinik semigroup cannot be better than O(j). 



1. Introduction 

In an earlier paper |14j the present authors introduced a new kind of Lax-Oleinik 
type operator with parameters (hereinafter referred to as new L-0 operator) asso- 
ciated with time-periodic positive definite Lagrangian systems in the context of the 
weak KAM theory, and proved that the family of new L-0 operators with an arbi- 
trary continuous function as initial condition converges to a backward weak KAM 
solution of the corresponding Hamilton- Jacobi equation. In this paper we study the 
rate of convergence of the family of new L-0 operators under the assumption that 
the Aubry set of the time-periodic positive definite Lagrangian system consists of 
one hyperbolic 1-periodic orbit. 

Let M be a closed and connected smooth manifold of dimension m. Denote 
by TM its tangent bundle and T*M the cotangent one. We choose, once and 
for all, a C°° Rlemannian metric on M. It is classical that there is a canonical 
way to associate to it a Rlemannian metric on TM. Consider a C°° Lagrangian 
L : TM xl 1 — > R 1 , (x,v,t) n- L(x,v,t). We suppose that L satisfies the following 
conditions introduced by Mather [TTj : 

(HI) Periodicity. L is 1-periodic in the R 1 factor, i.e., L(x,v,t) = L(x,v,t + 1) 

for all (x,v,t) £ TM x R 1 . 
(H2) Positive Definiteness. For each x £ M and each t £ R , the restriction 

of L to T X M x t is strictly convex in the sense that its Hessian second 

derivative is everywhere positive definite. 
(H3) Superlinear Growth. hm|| w || a ,^. +00 ^fer 2 ^ = +°o uniformly on x £ M, 

< € R 1 , where || • \\ x denotes the norm on T X M induced by the Rlemannian 

metric on M. 
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(H4) Completeness of the Euler-Lagrange Flow. The maximal solutions of 
the Euler-Lagrange equation, which in local coordinates is: 



are defined on all of R 1 . 

The Euler-Lagrange equation is a second order periodic differential equation on 
M and generates a flow of diffeomorphisms $ : TM x§ [ 4 TM x S 1 , t G M 1 , 
where S 1 denotes the circle M 1 /Z, defined by 



where x : M 1 — > M is the maximal solution of the Euler-Lagrange equation with 
initial conditions x(to) = xq, x(to) = vo- The completeness and periodicity condi- 
tions grant that this correctly defines a flow on TM x S 1 . We can associate with L a 
Hamiltonian, as a function on T'Mxl 1 : H(x,p,t) = sup veT ^ M {(p } v) x —L(x,v,t)}, 
where (•, -) x represents the canonical pairing between the tangent and cotangent 
space. The corresponding Hamilton- Jacobi equation is 



where c(L) is the Mane critical value [TU] of the Lagrangian L. In terms of Mather's 
a function c(L) — q(0). Without loss of generality, we will from now on always 
assume c(L) = 0. 

Let us first recall the definition of the Lax-Oleinik semigroup (hereinafter referred 
to as L-0 semigroup) associated with L. The L-0 semigroup is well known in several 
domains, such as PDE, Optimization and Control Theory, Calculus of Variations 
and Dynamical Systems (especially in the Weak KAM Theory [8]). For each t > 
and each u € C(M, R 1 ), let 



for all x e M, where the infimum is taken among the continuous and piecewise C 1 
paths 7 : [0, t] —> M with j(t) = x. For each t > 0, T t is an operator from C(M, K 1 ) 
to itself. Since L is time-periodic, then {T„}„ g N is a one-parameter semigroup of 
operators, called the L-0 semigroup associated with L, where N = {0, 1, 2, ■ ■ • }. 

Fathi proved [6] the convergence of the full L-0 semigroup (i.e., {T 4 a } t >o) in the 
time-independent caseQ. More precisely, he showed that for each C 2 superlinear and 
strictly convex Lagrangian L a : TM — > R 1 and each u € C(M,R 1 ), the uniform 
limit, for t — > +oo, of T t a u + c(L a )t exists and the limit u is a backward weak KAM 
solution of the corresponding Hamilton- Jacobi equation. In the same paper Fathi 
raised the question as to whether the analogous result holds in the time-periodic 



The L-O semigroup associated with a time-independent Lagrangian L a is the semigroup of 
operators {T t a } t > : C(M, R 1 ) -> C(M,M.' L ) defined by 



where the infimum is taken among the continuous and piecewise C 1 paths 7 : [0, t] M with 
j(t) = x. 




0t( x o,v o ,to) = (x(t + t ),x(t + t ),(t + t ) mod 1), 



w t + H(x,w X7 t) = c(L) 
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case. This would be the convergence of T n u + nc(L), Vu £ C(M, R 1 ), as n — > +00, 
n € N. In view of the relation between T n and the Peierls barrier h (see [12] or 
[7J [31 3]), if the liminf in the definition of the Peierls barrier is not a limit, then the 
L-0 semigroup in the time-periodic case does not converge. Fathi and Mather [Jj 
constructed examples where the liminf in the definition of the Peierls barrier is not 
a limit, thus answering the above question negatively. 

As mentioned at the beginning of this paper, the authors |14j introduced a new 
kind of operator with parameters associated with L, called the new L-0 operator, 
and proved the convergence of the family of new L-0 operators. Let us now recall 
the definition of the new L-0 operator and some important results in |14j . 

Definition 1.1 (new L-0 operator). For each t € [0,1], each n £ N and each 
u € C(M, R 1 ), let 

inf inf{«( 7 (0))+ f + L{ 1 {s)^{s),s)ds\ 

for all x £ M, where the second infimum is taken among the continuous and 
piecewise C 1 paths 7 : [0, r + k] — > M with j(t + k) = x. 

For each r £ [0, 1] and each n £ N, T£ is an operator from C(M, K 1 ) to itself. 
For more properties of the new L-0 operator T^, we refer the reader to [14] . For 
each n £ N and each u £ C(M, R 1 ), let U%(x, r) = f^u(x) for all (x, r) £ M x [0, 1]. 
Then U% is a continuous function on M x [0,1]. 

The main result of [2] is the following theorem. 

Theorem 1.2. For each u £ C(M, K 1 ), the uniform limit linin-^oo exists and 

lim U%(x,t)= M (u(y) + h 0[r] (y,x)) 

for all (x,t) £ M x [0,1], where [t] = t mod 1, and h denotes the (extended) 
Peierls barrier. Furthermore, let u(x,[t]) = mf ye M{u(y) + ho\ T ](y,x)). Then 
u : M x S 1 — > M 1 is a backward weak KAM solution of the Hamilton- J acobi equation 



(1.1) w s + H(x,w x ,s) = 0. 

Another important result of [T3] states as follows. 

Theorem 1.3. Let u £ C(M x S 1 ,!!. 1 ). Then the following three statements are 
equivalent. 

• There exists u £ C(M, R 1 ) such that the uniform limit lim n _>+oo U% = 

• u is a backward weak KAM solution of 

• u is a viscosity solution of 

The aim of the present paper is to derive the rate of convergence of U% in a 
special case. More precisely, we will provide an upper bound estimate of the rate of 
convergence of U% associated with a C°° Lagrangian L, which satisfies (H1)-(H4) 
and the following hypothesis. 

(H5) The Aubry set consists of one hyperbolic 1-periodic orbit. 

Now we come to the major result of this paper. 
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Theorem 1.4. // a C°° Lagrangian L : TM x R 1 — >• R 1 satisfies the hypotheses 
(H1)-(H5), then there exists p > such that for each u £ C(M, R 1 ) there is K > 
such that 

\\U%(x, t) - u(x, [rDIU < K e- pn , Vn e N, 
where \\ ■ Hoc denotes the supremum norm in the space C{M x [0, 1],K ). 

We believe that there is a deep relation between dynamical properties of the 
Aubry set (Mather set) and the rates of convergence of the L-0 semigroup (time- 
independent case) and the family of new L-0 operators. We now would like to 
detail on available relative works in the literature. All these results are for time- 
independent Lagrangian systems. 

I. Results on the rate of convergence of the L-0 semigroup {T t a } t >o: 

In [9 , Iturriaga and Sanchez-Morgado proved that if the Aubry set consists in a 
finite number of hyperbolic fixed points, the L-0 semigroup converges exponentially. 
At the end of this paper, we will construct an example (Example l4.1|) to show that 
the rate of convergence of the L-0 semigroup cannot be better than 0{\) under the 
assumption that the Aubry set consists of a finite number of hyperbolic periodic 
orbits. 

The authors [32] dealt with the rate of convergence problem when the Mather 
set consists of degenerate fixed points. More precisely, consider the Lagrangian 
L®(x,v) = ^v 2 + V(x), x £ S 1 , v £ R 1 , where V is a real analytic function on 
S 1 and has a unique global minimum point xq. Without loss of generality, one 
may assume x = 0, V(0) = 0. Then c(L° a ) = and Mq = {(0,0)}, where Mq is 
the Mather set with cohomology class 0. An upper bound estimate of the rate of 
convergence of the L-0 semigroup is provided under the assumption that {(0,0)} 
is a degenerate fixed point: for every u £ C^S 1 , M 1 ), there exists a constant K\ > 
such that 

||r>-u|U<^=, w>o, 

where k £ N, k > 2 depends only on the degree of degeneracy of the minimum 
point of the potential function V. 

In |14j the authors discussed the rate of convergence problem when the Aubry 
set is a quasi-periodic invariant torus of the Euler-Lagrange flow. Consider a class 
of C 2 superlinear and strictly convex Lagrangians on T n 

(1.2) L 1 a (x,v) = ^(A(x)(v-Lu)Av-Lo))+f(x,v-Lo), x £ T n , v £ 

where A(x) is an n x n matrix, oj £ § n_1 is a given vector, and f(x, v — uj) = 0(||w — 
uj\\ 3 ) as v — u> — >• 0. It is clear that c{L\) = and Mq = Aq = JVq = U xe T^(x,uj), 
which is a quasi-periodic invariant torus with frequency vector uj of the Euler- 
Lagrange flow associated to L\, where A® and Afo are the Aubry set and the Mane 
set with cohomology class 0, respectively. For (|1.2j) . the authors showed that for 
each u £ C(T™,R 1 ), there is a constant > such that 

(1.3) lll^u-ttlloo < ^, Vt>0. 
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An example was also provided in [14] to show that the above result is sharp in the 
sense of order. 

II. Results on the rate of convergence of the new L-0 semigroup {T t a }t>c0: 

The authors showed in [14) that for each C 2 superlinear and strictly convex La- 
grangian L a with c(L a ) = and each u £ C(M, M 1 ), the uniform limit lim t _> +OQ T^u 
exists and lim t ^ +00 Tfu = lim^ +00 Tfu — u. Furthermore, \\T^u — u||oo < \\Tt u ~ 
w||oo 7 V< > 0. It means that the new L-0 semigroup converges faster than the L-0 
semigroup. However, it does not necessarily mean that the new L-0 semigroup 
converges faster than the L-0 semigroup in the sense of order. 

Recall the notations for Diophantine vectors: for g > n — 1 and a > 0, let 

V(g,a) = {peW 1 - 1 | |<0,fc>|> " VfceZ"\{0}}, 

where |fc| = X)"=i For (|1.2j) . the authors |14) proved that given any frequency 
vector ui £ T>(g, a), for each u £ C(T",R 1 ), there is a constant K3 > such that 

(1.4) \\f t a u-u\\ 00 <K 3 r il+ ^\ Vi>0. 

In view of (|1.3[) and (|1.4|) . we conclude that the new L-0 semigroup converges 
faster than the L-0 semigroup in the sense of order when the Aubry set Aq of 
the Lagrangian system (|1.2j) is a quasi-periodic invariant torus with Diophantine 
frequency vector uj £ T>(g,a). 

The rest of the paper is organized as follows. Section 2 includes some basic 
definitions and preliminary results. In Section 3 we give the proof of Theorem 
11.41 Section 4 presents an example (Example I4.1|) where the Aubry set of a time- 
independent positive definite Lagrangian system consists of one hyperbolic periodic 
orbit and the rate of convergence of the L-0 semigroup cannot be better than 0(4). 

2. Preliminaries 

In this section we introduce the notations used in the sequel and review some 
definitions and results of Mather and weak KAM theories that we are going to use. 
In addition, we also prove two preliminary lemmas. 

In this paper, as is usual S 1 = IR 1 /Z, whose universal cover is the Euclidean space 
M 1 . We view S 1 as a fundamental domain in M 1 : / = [0, 1] with the two endpoints 
identified. The unique coordinate s of a point in S 1 will belong to I = [0, 1). The 
standard universal covering projection ir : R 1 — > S 1 takes the form ir(s) = [s], 
where [s] — s mod 1, denotes the fractional part of s (s = {§} + [s], where {s} is 
the greatest integer not greater than s). || • || denotes the usual Euclidean norm. 

As done by Mather in [12], it is convenient to introduce, for all t' > t and x, 
y £ M, the following quantity: 



2 In I14| . the authors also introduced a new kind of Lax-Oleinik type operator T t a associated 
with time-independent Lagrangians. The new L-O semigroup associated with a time-independent 
Lagrangian L a is the semigroup of operators {T' t a }t>o : C(M,M. 1 ) — > C(M,M}) defined by 

f t a u(x)= inf inf {«( 7 (0)) + L a (y(s),y(s))ds\, 

t<CT<2t 1 V Jq > 

where the second infimum is taken among the continuous and piecewise C paths 7 : [0, cr] — > M 
with 7(0-) = x. 
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Ft, t '{x,y) = ia£ / L(j(s), A f{s),s)ds, 
7 Jt 

where the infimum is taken over the continuous and piecewise C 1 paths 7 : [t, t'] — > 
M such that j(t) — x and j(t r ) = y. 

Following Mane [10] and Mather [12], define the action potential and the ex- 
tended Peierls barrier as follows. 

Action Potential: for each (s, s') G S 1 x S 1 , let 

$ s . s < (x, x 1 ) = inf Ft,t> (x, x') 
for all (x, x') G M x M, where the infimum is taken on the set of (t,t') £ R 2 such 
that s = [t], s' = [t'} and t' > t + 1. 

Extended Peierls Barrier: for each (s, s') G S 1 x S 1 , let 

/i s s > (x, x') = liminf F tt /(x,x') 

V — t— >+oo 

for all (x, x') g Af x M, where the liminf is restricted to the set of (t, t') G R 2 
such that s = [t], s' — [t']. It can be shown that the extended Peierls barrier h is 
Lipschitz (see [4]). 

A continuous and piecewise C 1 curve 7 : R 1 — > M is called global semi-static if 
t' 

L( 7 ,7,s)ds = <5>[tut']h(t),j{t')) 

for all [t,f] C R 1 . An orbit (-f(s), 7(s), [s]) is called global semi-static if 7 is a 
global semi-static curve. The Mane set Ao is the union in TM x S 1 of the images 
of global semi-static orbits. 

For each n G N and each (r, r', x, x') G [0, 1] x [0, 1] X M X M, let 

J"„(t,t',x,x') = inf F T . T , +k (x,x'). 

k £N 
n<fc<2n 

Then from Proposition 3.5 in [14) . 

(2.1) lim 7" n (r, r', x, x') = /ir T i r T /i (x, x') 

uniformly on (r, t',x,x') G [0, 1] x [0, 1] x M x Af. 
Now we prove a preliminary result: 

Lemma 2.1. For eac/i n G N and eac/i r G [0, 1], 

(1) h ,o{x, z) < F 0<n (x,y) + h . (y, z), Vx, y, z£M; 

(2) h ,[ T ]{x, z) < h ,o(x, y) + F a ^ n+T {y, z), Vx, y, z G M. 

Proof. (1) Since ho_o(y,z) = liminf ken Fo_ k {y, z )j then there exist {fci}^ 3 C N 
such that ki — > +00 and Fo^i(y,z) — > hofi(y,z) as i — > +00. For each n G N and 
each in view of the definition of Ft,*', we have 



F Q . n+ki (x,z) < F , n (x,y) + F n , n+ki (y, z). 
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Hence, 

ho,o{x,z) < liminf Fn n+ki {x,z) < F , n (x,y) + h , (y, z). 

(2) Since ho y o(x,y) = liminf keN F j c (x,y), then there exist C N such 

that fci — > +00 and Fo t ki(x,y) — > ft-o, o(x,y) as i — > +00. For each n G N, each 
r G [0, 1] and each ki, we have 

Fo, T +n+ki (x, z) < F 0ykt (x,y) + Fk ilT +n+ki(y, z). 

It follows that 

h ,[ T ](x,z) < liminf F . T+n+kz (x, z) < h Q , (x,y) + F Q . n+T (y, z). 

i— >-+oo 

□ 

Following Fathi [5], as done by Contreras et al. in 0], we give the definition of 
the weak KAM solution as follows. 

Definition 2.2. A backward weak KAM solution of the Hamilton- Jacobi equation 
flTTTj) is a function w : M x S 1 ->• R 1 such that 

(1) u; is dominated by L, i.e., 

w(a:i,Si) - w(x 2 ,s 2 ) < $ S2iS1 (^2,2:1), V(x 1 ,s 1 ), (x 2 ,s 2 ) € M x S 1 . 

(2) For every (x, s) G M x S 1 there exists a curve 7 : (— 00, s] — > M with 
7(s) = x and [s] ~ s such that 

w(x,s) -w(j(t),[t\) = J L(j(a),'j(a),a)da, Vte(-oo,s]. 

Similarly, we say that u> : Af x 8 1 —> M 1 is a forward weak KAM solution of 
(|l.ip if w is dominated by L and for every (x, s) G A/ x 8 1 there exists a curve 
7 : [s, +00) — > M with 7(1) = a; and [s] = s such that w(^{t), [t]) — w(x,s) = 

Is £(7( cr ) J 7(c r ),cr)ffcr,Vt € [s, +00). 

We denote by £>_ (5+) the set of backward (forward) weak KAM solutions. The 
following well-known result |4 a will be used later. 

Lemma 2.3. Given (xo,sq) G M x S 1 , define 

w*{x,s) := /i SD)S (a;o,a;), s) := -h s , So (x,x ) 

for (x, s) G M x S 1 . T/ien w* G <S_, «;* G S+. 

Define the projected Aubry set Ao as follows: 

A := {{x, s) G M x S 1 I h s , s (x, x) = 0}. 

Note that Aq = HAo, where n : TM x S 1 ^ M x S 1 denotes the projection and 
Ao denotes the Aubry set in TM x S . Define an equivalence relation on Ao by 
saying that (27, Si) and {x 2 , s 2 ) are equivalent if and only if 



^ Su s 2 (x 1 ,x 2 ) + $ S2iSl (x 2 ,xi) = 0. 
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The equivalent classes of this relation are called static classes. Let A be the set 
of static classes. For each static class T £ A choose a point (x, 0) £ T and let Ao be 
the set of such points. Since the Lagrangian L in Theorem 11.41 satisfies (H5), then 
Ao consists of only one point, denoted by (p, 0) £ Ao- 

From a result of Contreras et al. [4], for each backward weak KAM solution w 
of (|1.1|) . we have 



(2.2) w(x, s) = min (w(q, 0) + h . s (q, x)) — w{p 1 0) + h 0s (p, x) 

(9,0)SA 

for all (x,s) £ M x S 1 . 

Given u £ C(M, M 1 ), for each n G N, each r <E [0, 1] and each x £ M, 



(2.3) 2>(o0= mf mf |n( 7 (0)) + f + L( 7 (s),j(s), s)ds\ 



i<t<2ti 



where the second infimum is taken among the continuous and piecewise C 1 paths 
7 : [0,r + k] — > M with j(t + k) = x. In view of (|2.3p . it is easy to see that 
there exist n < k x , T ,n < 2n, k XiT ^ n £ N and a minimizing extremal curve ~f x ,T,n ■ 
[0, r + k x , T ,n\ — > M such that ^x.-r.nir + k x ^ T ^ n ) = x and 



T^uix) — u(7a;,r,n(0)) + / £(7c,-r,n(s), 7x,T,n(s), s)(2s. 



Let 



A(7 X , T ,„) := / i(7x,r,n(s),7x, T ,n(s), s)ds. 







Obviously, we have 



(2.4) A(7 XjT)n ) = -Fo,r+/c x , T ,„(7^,r,n(0),a;) = J" rl (0, r, 7 a: , Tin (0), x). 

The following result for minimizers J x ,T,n will be used in the proof of Theorem ll.4l 

Lemma 2.4. Under the assumptions of Theorem \1.4\ let W be a neighborhood of 
the Aubry set Aq in TM x S 1 . Then there exists T > such that if n > T , n £ N, 
then 

(7»,r,n(a),7i,r,n(a),[«]) 2 C W, V(x, r) e M X [0, 1] . 

Proof. To prove the lemma, we argue by contradiction. For, otherwise, there would 
be {n»}+ = 7 C N with rii -> +00 as z -» +00, {(a^TnJ}^ c M x [0,1], 
{km}t=i c N w i tn n i ^ ^ 2rij, a sequence j ni : [0,r nj + fc„J — >• M, i = 
1, 2, • • • of minimizers satisfying j ni (r„ ; + k Hi ) = x ni and T n "'u(x nj ) = it(7 ni (0)) + 
J T ™ I+ "* L('y ni ,-y ni ,s)ds, and {t„ 4 }+^ with ^ < t n% < ^ such that 

(2-5) (7m (f ni ),7 ni £ W, t = l,2,-.., 

where we used /c ni and 7„ ; to denote fc Xn ., Tra . )ni and 7x n .,r n .,nj respectively. For 
each positive integer i, we set y Ui = 7n ( (0). Passing as necessary to a subsequence, 
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we may suppose that x Ui — > xq, y Ui — > yo and T ni — > tq as i — > +00, where xo, 
yo € M and r € [0, 1]. 
Since 

1 I'm 1 Urii i %m 

) - h o.,[T ni ]{y ni ,x ni )\ 

+ |/ l 0,[T n4 ](!/rw> a; »w) — ^0, [to] (i/rw ) ^n, ) | 
|^0, [to] (.Una ^0,[to] 

then from (|2.1I) and the Lipschitz property of h, we have 

(2-6) lim F ni {0,T ni ,y ni ,x ni ) = h i n ](y 0) x ). 

In view of (|2.4[) and (|2.6p , we have 

(2-7) .lim A(j ni ) = h < lv }(y ,xo). 

For each i, we set (x ni , 5„ 4 , cr nj ) = (7n< (*»»♦)> Tru^nji [t nt ]). By ([23)1 . (f „ 4 , 5 n< , cr„ 4 ) ^ 
W, Vi. Since 7 Mi are minimizing extremal curves, using the a priori compactness 
Lemma 3.4 in |14) . we conclude that {(x ni , x ni , cr ni )}t=°i are contained in a compact 
subset of TM x S 1 . So we may assume upon passing if necessary to a subsequence 
that (x ni , x ni , a ni ) — > (ic, ic, <r) € TM x S 1 as i — > +00. Since (x ni , x ni , cr ni ) ^ W, 
Vi, then (i, S, cr) ^ >4o- 

Let (7(5), 7(s), [s]) = 4>g_ a (x, x, a), s e E 1 . We assert that the orbit (7(5), 7(s), [s]) 
is global semi-static, i.e., 7 is a global semi-static curve. If this assertion is true, then 
(x, x, a) € A/"o. By our assumption that Ao consists of one hyperbolic 1-periodic 
orbit, it is easy to see that A4q = Aq = Mo- Thus, we deduce that (x, x, cr) 6 A®, 
which is impossible since (x, x, a) ^ Aq. This contradiction proves the lemma. 

Based on the above arguments, it is sufficient to show that 7 is a global semi- 
static curve. We prove it by contradiction. Otherwise, there would be j±, j% G N 
such that 

A (y\ [(T - ju(7+M ) > *«r,a(7(<r-jl).7(f + j2)). 

It implies that there exist j[, j' 2 £ N with cr — j[ + 1 < a+j 2 and a minimizing curve 
7 : [v - fi, a + j'2] -> M satisfying j(a - j[) = j(a - jt) and j(a + f 2 ) = 7 (cr + j 2 ) 
such that 

Milt , ■ ,) > Atjl, ., ,.,,)■ 
Thus, there exists A > such that 

(2-8) A(j\, ., ,. /1 )<^(7li ■ ^-i)- A - 

Since (5„ 4 , £„ 4 , <x„ 4 ) — > (2;, 5, cr) € TM x S 1 as i -> +00, then, for every e > 0, 
by the differentiability of the solutions of the Euler-Lagrange equation with respect 
to initial values, we have 



(2.9) d(('y(s),-y(s),[s]),(-f ni (s + t ni - cr) , j ni (s + t ni -a),[s + t ni - cr])) < e, 
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for all s € [a — ji,cr + j 2 ] and i large enough. Using the periodicity of L, we have 
(2.10) 



0-+32 



Mlritl^ ,_ jutn +J2 }) = / L(lni(s + t ni - a),j ni (s + t ni -a),[s + t ni - a})ds 



and 



M7L. ju<T+h] ) = I L{l{s)n(s)M)ds. 

Jo— ji 



(2.11) 

Combining (f2T9|) . (|2~T0|) and (f2~TTj) . we have 



(2.12) 



for some constant C > independent of e and sufficiently large i. Since e may be 
taken arbitrary small, from (I2.8|) and (|2.12l) we obtain 



(2.13) A(j ni L . f ..,)>A(7 r . ,. ,)-Ce> A( 7 |, ., ) + — 

provided i is large enough. 

We set x = j(a — j[) = 7(0- — j\) and x = j(a + j' 2 ) = 7(0- + j 2 ). For i 
large enough, consider the following curves on M. Let aj : [0,t ni — ji] —> M with 
aj (0) = y Ui and a* (t ni — j\ ) = x be a Tonelli minimizer such that 

Ma\) = Fo,t ni -h(yni,x)- 

Let a? : [t^-jx+ii+j^r^ +^-^-.72+^1+^2] M with af (t nt —ji+j[ +j 2 ) =x 
and oq(r ni + k ni — j\ — j 2 + j[ + j'2) = x nt be a Tonelli minimizer such that 

^( a i ) = ^n i -Jl+j'i+i2i T 'n i +fen i -il-j2+ii+i2fe' a;n i)" 

Let 



!a;( s )> s € [0,*rM ~ 3i], 

7 ( s - + jl + & ~ S G [i ni - jx, t Hz - jx + Jx + J2]. 

of (s), s € [i n< - ji + + j 2 , r nj + fc„ 4 - ji - j 2 + ix + J2] ■ 

It is clearly that 7 ni : [0, r ni + k tli — j\ — j 2 + j[ + j' 2 ] — > M is a continuous and 
piecewise C 1 curve connecting y ni and x ni . 

We set S nj = 7nj(*n 4 — ix) and x„. = 7 ,i i (i ni + j 2 ). For i large enough, compare 
A(j ni ) with A( 7 „J as follows. In view of (|2.9j) . we have 



(2.14) 



I [0,*„ 



< D 



where -Dup > is a Lipschitz constant of F t ,t' which is independent of t, t' with 
t+ 1 <t' [3J. Note that 
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(2.15) 



i(7(s),7(s), s + a n% - a)ds - A{-y Ui | [t jut +h] )- 



Since cr ni — > a as i — > +00, then 



(2.16) 



^(7|[ CT -^, CT +^] 



< 



for i large enough. Hence, from (|2.13j) . ()2. 15|) and (|2.16p we have 



( 2 - 1? ) A ^l[ t „ i -,- 1 , i n i -i 1 +i{ + ^])- j4 ^l[ t „ i -,- 1 , i „ i +^] 

From the Lipschitz property of F t .t' and (|2.9p . we find 



A 

< . 

~ 2 



Mrin 

(2.18) = 



< D Up e. 

Since e may be taken arbitrary small, from (|2.14p . (I2.17[) and (|2.180 . we have 



(2.19) 



A(j ni ) < A( lni ) 



for i large enough. 

For each sufficiently large i, we choose rrii £ N such that 



(2.20) 



mi < k ni - ji - j 2 + j[ + j' 2 < 2mi 



Since rii < k ni < 2n,;, rii — » +00 as i — > +00, then mi 
(|2.20[) . for each i large enough, we have 



-00 as i — > +00. By 



(2.21) ^(7nJ > -Po,r„ i +fc„ i -j 1 -j 2 + J ;+^(2/T li ,a; ni ) > J" mi (0,r ni ,t/ ni ,a; ni ). 
Since 

) - V[t ](j/o,£o)| < \F mi (o j I'm 1 Urii 1 %m 

+ | /l o,[r„j(y™ i ,a;n i ) - h 0t [ T0 ](y ni ,x ni )\ 
+ | /l o,[r ](2/n i ,a;nJ - h 0t [ To ](y , x )\, 
then from (|2.ip and the Lipschitz property of h, we have 



(2.22) 



lim J r mi (0,r„ i ,y ni ,a;„ l ) = h , [To] (y ,x a ). 



Combining ([12]), (|2~TO)) . (|2~2"T|) and (j2~22l . we have 
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ho,[ TO ](yo,x ) - — = . lim A(7„J - — 

4 z— s-+oo 4 

> liminf A(j ni ) 

1— >+oc 

> lim J'miCO,^,^,^) 

2— J- + OG 

= ^o,[r ](yo,a;o), 

a contradiction. This contradiction shows that 7 is global semi-static. □ 

Remark 2.5. The above result is independent of u £ C(M, R 1 ). Moreover, from the 
proof, it is easy to see that the conclusion of Lemma Upholds with ^] replaced 
by [an, bn] for arbitrary < a < b < 1. 

3. Proof of the main result 

In this section we prove Theorem 11.41 Let (p, Vp,0) be the unique point in Ao 
with U(p, v p , 0) = (p, 0) € A, where LI : TM xS^MxS 1 denotes the projection. 
By (H5) the Aubry set Ao consists of one hyperbolic 1-periodic orbit, denoted by 
r:#(p,«p,0) = (7p(s),7 P (s),H), seK 1 . 

Proof of Theorem \l-4\ Our purpose is to show that there exists p > such that for 
each u £ C(M,M}) there is K > such that the following two inequalities hold. 

u(x, [t]) - U%(x, t) < Ker pn , Vn G N, V(ar, r) G M x [0, 1]; (II) 

E£(x,t) -u(!B,[t]) < Jre - " 1 , Vne N, V(x,t) G M x [0,1]. (12) 
Since the proof is rather long, it is convenient to divide it into two steps. 

Step 1. We first prove the inequality (II). In view of Lemma \2. 31 and (|2.2[) . for 
any given y £ M, h ^.(y, •) is a backward weak KAM solution of (II. ip and 

(3-1) h 0Ar] (y,x) = h Qfi {y,p) + V [r] (p,x) 

for all (x,t) £ M x [0,1]. Given u £ C(M,R 1 ) and (x,r) G M x [0,1], from 
Theorem 11.21 and (|3.ip we have 

(3.2) u(x, [r]) = inf (tt(y) + h [T] (y,x)) = inf + h 0fi (y,p) + h t T i{p,x)). 

y£M 1 ' y£M 1 J 

By the arguments in Section 2, for each n £ N there exist n < k x ^ T , n < 2n, 
k x ,T,n £ N and a minimizing extremal curve 7 XjTi „ : [0,t + fc ajT , n ] — ► M such that 

7a,T,n(T + fex,T,n) = £ and 

(3.3) f^u(x)=u('y XtTtn (0))+ L("fx,T,n(s),'yx,T,n(s),s)ds. 

Jo 

In what follows we use k n and 7„ to denote k x ,r,n and 7r,T,n respectively. 
From (|3.2j) and Lemma 12.11 we have 
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u(x, [r]) < u(7„(0)) + h ,ohn(0) 7 p) + h ^ T ](p,x) 

(3.4) < «(7n(0)) +^0,ni(7n(0),7n(s)) + h 0fi (j n (s), P ) 

+ Vo(p>7n(«)) + Fo,n 2 +T(ln(s),x) 

for all s E [0, r + fc n ] and all Ui, n 2 € N. For n £ N large enough, let j n — 

W} ~ {f > - L Takin S "i = {¥> + {f > + !. s = n i and "2 = k n -m, by (EH) 
we obtain 

(3.5) 

u{x, [r]) < u( 7n (0)) + J " L(7«,7n, + 2C Lip d(7, 1 ({y} + {^} + l),p) , 
where CLi P is a Lipschitz constant of /i. From p.3[) and p.5[) we have 

(3.6) u(x, [t]) - UX(x,t) < 2C Up d( ln ({ J -f } + {^} + l),p). 

We now estimate the term in the right-hand side of (|3.6[) . Consider the Poincare 
map for the time-periodic Lagrangian system L: 

tpxja ■ TM -> TM, (x ,v ) h-> V'i.oC^c'Wo), 
where (^t.o^Oj v a) = ( x (t), x(t)) and x{t) denotes the solution to the Euler-Lagrange 
equation with initial conditions x(0) = xq, i(0) = vq. Obviously, (f)f(xo, vq, 0) = 
(yt,o(aJO) ^o): [*])■ It is easy to see that (p,v p ) is a hyperbolic fixed point of tpi t o- 
According to the Hartman-Grobman Theorem the Poincare map (pi^ is locally 
conjugate to its linear part at the hyperbolic fixed point (p,v p ). More precisely, 
there exist a neighborhood V(p, v p ) of (p, v p ) in TM as well as a neighborhood U(0) 
of in Tr PtV \{TM) and a homeomorphism / : V(p,v p ) — > U(0), such that 



(3.7) D<p lj0 (jp, v p ) o / = / o <p lt0 . 

Furthermore, there exists < a < 1 such that / and / _1 are a-H61der continuous 
P] [2]. Denote for brevity P = (p,v p ). As the problem here is a local one we can, 
using a local chart, suppose that (pi^ is a map from M. 2m to itself with P as a 
hyperbolic fixed point. 

Let B(P) be a sufficiently small neighborhood of P in R 2m such that B(P) C 
V(P) = V(p,v p ). We choose a tubular neighborhood Wp of T such that for each 
(q, v, [s]) € T, d((q,v, [s]), dWy) = S, where dWr denotes the boundary of Wr 
and 5 is a positive constant small enough such that for each (g, w, 0) € Wr, we have 
(<7, v) £ B(P). For the tubular neighborhood Wr, applying Lemma [2^41 there exists 
T > such that for n € N with n > T, we have 



(7n(s),7n(s) 



C W r . 



It follows that 



(7n({f} + l),7n({f} + l),0),--- J (7n({f}),7n({f}),0)GW r . 
Thus, we have 
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(ln({^} + 1),7.({|} + l))>-> (7n({f }),7»({f })) € B(P), 

i.e., 

(3-8) ViS }+1 (^) ) -,Vi? } (^)GB(P) 1 
where Pf = (7n(0),7 n (0)). By ([12]) and (JSHJ we have 

^/(p 2 n ) - / ° ^! }+2 (pr), ■ • • , A^/(P 2 n ) = / ° ^,I } (Pi n ), 

where A = Dtp^P) and P 2 ™ = ^[| }+1 (P 1 "). In view of (pT8]>. we obtain 

A7(P 2 n ) € 17(0), i 0, 1 • • • • • ./'■ • 
Hence, there exists A > such that 

(3.9) ||A7(P 2 n )|| < A, i = 0,l,--. ,i„. 

As ^4 : R 2m — > M 2m is hyperbolic, there exists an invariant splitting R 2m = E s © 
S u . For each z g R 2m , we have z = z s +z u , z s <E E s , z u 6 B" and Az = A s z s +A u z u , 
where A 5 = A\ E s and A u = A\e». Let /(P 2 n ) = j/« + y™ j£ e £ s , y% £ E u and 
A^f(P^) = z n s + z£, z™ e £ s , z£ € £ u . Let Ai, • • • , A m be the eigenvalues of A s . 
Then |Aj| < 1 for i = 1, • ■ • ,m. Since A is similar to a symplectic matrix, then 
• • • , y~ are the eigenvalues of A u . Set A max = maxi<j< m |A»|. It is a standard 
result that for arbitrary e > 0, we have 

(3.10) ||A*z,|| < (A max + e) < ||«.||, Vz s e 

for i e N large enough. We choose eq > small enough such that A max + £o < 1 • 
Then from (|3.10[) we have 

(3.11) K m 2/ S "|| < (A max + £ ) { * } ||^|| < (A max + e ) { * } A 
for n large enough. Similarly, we have 

(3.12) 

= P~°'"~ W) z£|| < (A max + eo)''"- { * } ||4 l || < (A max + £o ) { * } A 
for n large enough. By (|3.1ip and (|3.12p . we obtain 

(3.13) ||A{*>/(P 2 ")|| < \\A { * } y?\\ + \\A { u ^ } y:\\ < 2A(A max + e ) { * } 
for n large enough. Since j n = {^} — {"f } ~ L then from p.!3|) we have 

(3.14) P { * } /(P 2 ")II < 2A(A max + £ )^ 

for n large enough. Note that A^ >/(P 2 n ) = / o ^ J }+{f}+1 (P") and /(P) = 0. 
Since J" 1 is a-H61der continuous, from (|3.14j) we have 
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\\Al }+m+1 (Pi) - p\\ = wr 1 ° A^f(p?) - r'm 

(3-15) <C 1 ||A^>/(P 2 ")-0|| Q 

<C 1 2 a A a {\ max + e )^ 

for n large enough, where G\ > is a constant. Therefore, there exists a constant 
C 2 > independent of u G C(M, R 1 ) and (x,t) G M x [0, 1] such that 

(3-16) d ( 7n ({^ } + { ^ } + i) 7 p) <C 2 (A max + £o )^ 

for rt large enough. Note that the above estimate is independent of (x,t). By Q3.6P 
and (|3.16[) . for sufficiently large n, we have 

u(x, [r]) - U%(x,t) < 2C L ipC 2 (A max + e )^ , V(x,t) eMx [0, 1]. 
Hence, there exists a constant C3 > such that 

u(x,[r])-C/^(x,T)<C 3 (A max + eo)^, Vn G N, V(z,r) G M x [0, 1], 

where the constant C3 depends on u. Since < A max + Eq < 1, there exists p\ > 
such that (A max + eo) 13 = e~ pi . Thus, we have 

(3.17) u(x, [t]) - U%(x,t) < C 3 e~ pin , Vn G N, V(x,r) G M x [0, 1]. 

Step 2. We now prove the inequality (12). Given u G C(M, R 1 ) and (x, r) G 
M x [0, 1], by (33) we have 

u(ar, [r]) = hrf^z) + h Qfi (z,p) + h 0i [ T ](p,x)). 
Thus, there exists y G M such that 

(3.18) u(x, [t]) = u(y) + h ,o(v,p) + h ^(p,x). 

Since ho t .(p, •) is a backward weak KAM solution of (jl.l[> . then there is a curve 
/3 Xi r T ] : (—00, f] —¥ M with ^ r T i(f) = x and [f] = [r] such that 

ho,[T](p,z)-ho,[t](p,Px,[T](t)) = J L (Px,[ T ],Px,[T], s )d s , Vie (-00, f]. 

It is clear that /3 X ,M is a minimizing curve and the a-limit set for (@ x m(s), /3 x m(s), [s]) 
is r. Similarly, since — h. t o(-,p) is a forward weak KAM solution of (jl.l[> . then there 
exists a curve o; y ,o : [o, +00) — > M with w yi o(o) = y and [0] = such that 

ho,o(y,P) - h[t] fi (u yt o(t),p) = / L(u)y t o,u) Vi o,s)ds, Vte[o,+oo). 

J o 

Moreover, w^o is a minimizing curve and the w-limit set for (0^ 0(0), u y fi(s), [s]) is 

r. 

Since T is a hyperbolic 1-periodic orbit, then for the tubular neighborhood Wr 
there exist constants T\ > and C4 > 0, such that 
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(3.19) d((LJy,o(s + d),di y ,o(s + o),[s + o\),(j p (s),%(s),[s])) < C 4 e " s , s > Ti, 
and 

(3.20) 

d(G8*,M(* + f),^x,[r](s + f), [s + f]), ( 7p (s + [r]),7 P (s + [r]), [s + [r]])) < C 4 e^', s < 

where Ti and C4 depend only on Wr, and \x denotes the smallest positive Lyapunov 
exponent of T. 

For n£N large enough such that 3f > max{Ti, 2}, by (|3~T9)l we have 

<Ko(y + 5),^,o(f + o), [f ]), ( 7p (|), 7p (|), [|])) < C 4 e-^. 

We choose < di < 1 so that (>(¥ + di),^^ 1 + di), + d x ]) = (p,v p ,0). 
Then from (|3.19p we obtain 



(3.21) 

K,o(y + 5 + di), w»,o(y + o + d x ), [y + di]), (p, v p , 0) J < de"^ 
Since w Wi o is a minimizing curve, then 



,2n 



,2n 



n ^+d 1 (y J w. y ,o(y +6 + di)) = Fg ! ^, +5+dl (y,w 2/> o(y +o + di)) 



L(u} y fi,Uy t o, s)ds. 



Let 771 : [0, %^ + di] — > M with 771(0) = y and 77i(% i + di) = p be a Tonelli minimizcr 
such that 



l +di 



L(r]i,rji,s)ds. 



Hence, in view of (|3.21[) we have 

" -+d! 



(3.22) 



L(r}i,fii,s)ds 



L +o+(ii 



L{uiyfi,LO y fl,s)ds < DupC^e M =* 



By {SJi we have d((^ M ( - f + f),^x,[r]( - f +f), [-f + f]), ( 7p ( - f + 
M)>7p( " ¥ + M)>H? + MO) ^ C 4 e-^. Choose < d 2 < 1 so that ( 7p ( - 
f + [t] - d 2 ), 7p ( - f + [t] - da), [-f + [r] - d 2 ]) = (p,u p ,0). From 03© we 



have 



(3.23) 

Since P x \r) is a minimizing curve, then 



d [(Px,{T]( - y + f - d y,$x,[ T ]( - y +T-d 2 ), [ — 3-+^- (p,w P ,0)J < C 4 e" 
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F_^ +f _ d2f (0 x < T i(- — +T-d2),X)= / L(0 x M,$ x < T i,s)ds. 

Let i] 2 : [— + f — d 2 ,f] — >• M with r/ 2 (— ^ + f — d 2 ) = p and 772 (-r) = x be a 
Tonelli minimizer such that 

Hence, by (|3.23l) we have 
(3.24) 

/ L(rfr,f) 2 ,s)ds- L(Px,[t], Px,[t], s ) ds < DhipCie'^ . 

Define a curve f} 2 : + di, ^ + di + d 2 ] -> M by 

An 

= ffefc - -3- - d i - d 2 + f) 
for c e + di, 3p + di + d 2 ]. Then 

L(n 2 ,f]2,s)ds = / L(fj 2 ,fj2,<;)d<;. 



Note that 4f-+di+d 2 -r G Nwithn < 4p+d!+d 2 -T < 2n. Set fc„ = ^+di+d 2 -r. 
Consider the curve 77 : [0, r + &„] — > M connecting y and x defined by 



17(3) = 



771(3), ae [0,3? + di], 



3 

r 2n 



mis), s£ +d 1 ,T + k n \. 
For n large enough, from (|3.18[) and (|3.21[) - (|3.24[l we have 

U^{x,r)-u(x, [t]) 

pT+k„ 

<u(r)(0))+ L{rj,fi,s)ds-u{x,[T\) 
Jo 

2n 2n in 

< -h . (oj yfi (— +o + d 1 ),p) -ho,o(p,P x ,[ T ](- y + f-d 2 )) + 2£> Lip C 4 e^— 

< 2(C Lip + C Li p)C 4 e-^*. 

Note that the above estimate is independent of (x, r) € Mx [0, 1] and u £ C(M, M 1 ). 
Let C 5 = 2(CLi P + D Li p)C4. Then, for n large enough, we have 

U%(x,t) - u(x, [r]) < C 6 e-&, V(x,r) eAfx [0, 1]. 
Hence, there exists a constant Cq > such that 



(3.25) t/^(ar,r)-u(x, [t]) < C 6 e~^, Vn e N, V(ar, r) £ M x [0, 1], 

where the constant Cq depends on u. 
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Let p2 = K = max{C3,C6} and p = min{/9i, p2}. Then from p.!7[) and 
(pOSf . we have 

||I^(a;,r)-fi(x,[T])|| 0O < Ke~P n , VneN. 

□ 

4. An EXAMPLE 

In this section we provide an example showing that, even though the Aubry 
set of the time-independent Lagrangian system consists of one hyperbolic periodic 
orbit, the rate of convergence of the L-0 semigroup cannot be better than 0(j). 

Example 4.1. Consider the following Lagrangian 

L a : TT 2 — > R 1 , (x,y,x,y)^ h 2 + 1 - cos(2irx) + ^(y - c) 2 , cGR 1 . 

The associated Hamiltonian H a : T*T 2 —> R 1 is given by H a (x,y,pi,p2) = 
\{v\ + P2) + c Vz - 1 + cos(27ra;). Observe that T a = {0} x S 1 x {0} x {c} is a hyper- 
bolic periodic orbit of the Lagrangian system L a . It is easy to check that the Mane 
critical value c{L a ) = and that the probability measure evenly distributed along 
r a — which we shall denote v — is an invariant probability measure of the Lagrangian 
system L a . Moreover, v is the unique minimal measure (0-action minimizing mea- 
sure) for L a - Thus, we can conclude that Mq = T a = {0} x S 1 x {0} x {c}. Note 
that in this example the Aubry set Ao coincides with the Mather set A4o, which 
implies that Ao consists of only one hyperbolic periodic orbit T a and Aq = {0} x S 1 . 

Lemma 4.2. For each u G C(T 2 ,R r ) which satisfies min^ u = mini's u, we have 

u\A n = minu = min it, 

where u = lim t ^. +00 T^u is a backward weak KAM solution of H a (x, y, u x , u y ) = 0. 
Proof. For each (0, y) G Ao, from the definition of T t a we have 



u(0,y)= lim r t °u(0,J/)= Hm inf {u(x', y') + / L a ( 7 ,7)ds}, 

t-»+oo t->+oo (x',y')£T 2 Jq 

where 7 : [0,t] —> T 2 with 7(0) = (x',y') and j(t) = (0, y) is a Tonelli minimizer. 
Since L a > 0, then £t(0, y) > min T 2 u = min^ u. 

It suffices to show that u(0, y) < min T 2 u — min^ u. Take (0,y») G Ao with 
u(0,y*) = min_4 u. Let {/* G R 1 be an arbitrary point in the fiber over y*. For 
t > 0, consider the following two curves 

72,c : [0,t] -> R 1 , s^cs + y», 

and 

72, C ' : [0, t] — > R 1 , mc's + ic'el 1 , 
with 72, c '(*) = 2/> w bere y is a point in the fiber over y such that y and 72,c(i) are 
in the same fundamental domain in Mr. Let r = 7 2,c'(^) — 72,c(i) — ( c ' — c )t- Then 
\r\ < 1 and |c' — c| < \. Let 7c / = (0, j2,c<) '■ [0,i] -» M 2 and 7c / = 7r 7c /, where 
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7r : M 2 — > T 2 is the standard universal covering projection. Then 7 C / : [0,t] — >• T 2 is 
a curve connecting (0,y*) and (0, y). Hence, we have 



* 1 



7>(0,y)< u ( 7c ,(0)) + y L( 7c ,, 7c ,)d S = M (0,y») + ^ jf {c'-cfds < u(0, 2/*) + ^- 
Let i — >• +oo, to deduce 



it(0,y)= lim T t a u(0, y) < u(0, y*) = minit = minit. 

t->+oo _4 T 2 



□ 



In the following we show that there exist u 6 C(T 2 ,R ), (xo,yo) S T 2 and 
{tn}n=i with i n — > +oo as n — > +oo such that 

\ T t n u ( x o,yo) ~ u(x ,yo)\ > O(-), n +oo. 

Set (xo,yo) = (0,1) G T 2 . Let (io,yo) € M 2 denote a generic point in the 
fiber over (xQ,yo), i.e., Tr(x ,y ) = (xo,yo). Define a continuous function on R 2 as 
follows: for each (x, y) € K 2 



u(x 7 y) 



5- \y-yo\, \y-yo\ < s, 

0, otherwise, 

where < <5 < \. Then we can define a continuous function on T 2 as u(x,y) = 
u(x,y) for all (x,y) € T 2 , where (x,y) is an arbitrary point in the fiber over (x,y). 
From Lemma 14.21 we have u(0,j/o) = niin T 2 u — min_4 u = 0. 

Now fix a point (0, yg) € M 2 in the fiber over (0, y ). Then there exist {(0, j$)KS 
in the fiber over (0,j/o) and with t n — >• +oo as n -> +oo such that |j/q — 

ct n -yo \ < |. Let z" = - ct„, Vn. Then |5 n - yg| < §, Vn. For each f„ there is 
(^niCn) € T 2 such that 



(4.1) Tf n u(0,y ) = u(x n ,£ n ) + / £ a (7„,7„)ds, 

Jo 

where 7 „ = (7i,„,72, n ) : [0,t n ] -> T 2 with 7„(0) = (x„,£„) and 7„(i„) = (0,y ) 
is a Tonelli minimizer. We assert that x n = 0, Vn, i.e., (x n ,£ n ) G _4o, Vn. For, 
otherwise, there would be x n ^ for some n. Then we have 



(4.2) 



l.o . , 1 



"(0,fn) + 2 y (72,n ~ c) 2 ds < u(x„,£ n ) + y (-7?,» + 1 - COs(27T7i in ) + -(7 2>n 

Let 7^ = (0, 72,n) : [0, i n ] T 2 . Then 7^ is a curve in T 2 connecting (0,£„) and 
(0,yo)- In view of (14.21) . we have 

T t >(0, y ) < "(0, Cn) + 2 ^ (72- " c) 2 d5 

/"*" 1 1 

<w(£n,£n)+ y (g'Vl.n + 1 _ COS ( 27r 7l,ra) + -(j 2 ,n ~ c) 2 )ds, 

which contradicts (I4.ip . Hence x n = 0, Vn. It is easy to see that 
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i r tn 

(4.3) T t >(0, y ) = u(0, £„) + - J ( 72 ,„ - c) 2 ds, n = 1, 2, • • • . 

In view of the lifting property of the covering projection, for each n there is 
a unique curve 72, n ■ [0,i„] -> K 1 with 71-72, „ = 72, „ and 72,n(<n) = 2/o- Set 
£" = 72,n(0). Then 7r|™ = £ n . Moreover, 72, „ has the form 72,«(s) = c„s + f", 
s e [0, t„], c„ el 1 . It is clear that |™ = §q — c„£„. 

If ||" - z n \ < f , then from |z n - j/g| < |, we have || n - yg| < 2*. Therefore, in 
view of flU}, 

(4.4) T t >(0 )2 /o) = u(0,£„) + \J "(72,n - c) 2 ds > u(0,£„) = u(0,f l ) > |. 

By (|4.4[) we may deduce that there can be only a finite number of f n 's such that |f n — 
z™| < f . Suppose not. There are {*nj£i and U ni } 2 t7 such that T t a n u{0,y Q ) > §, 
i = 1, 2, • • • , which contradicts linij^ +00 T™ it(0, 2/0) = w(Q, yo) = 0. 
For f™ with ||™ - z™| > |, we have 

6 -<\e-s n \ = \(c-c n )t n \, 

which implies that | c — c„ | > j|- . Then 

T t >(0,yo) = u(0,Cn) +\J\l2,n - cfds > 

Therefore, 

|T t >(0,j/o)-u(0,y Q )| = \T t a n u(0,y )\ > 

i.e., 

\T t a n u(0,y )-u(0,y )\>O(^), n y +00. 
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